
4.1 Vector Spaces and Subspaces  

The set , where , is an example of the vector spaces. In general, we have:

Definition (Vector Space)

A vector space is a non-empty set  of objects, called vectors, on which are defined two operations, called 
addition and multiplication by scalars (real numbers), subject to the ten axioms (or rules) listed below.  The 
axioms must hold for all vectors , and  in  and for all scalars  and .

1. The sum of  and , denoted by , is in .
2. .
3. .
4. There is a zero vector  in  such that .
5. For each  in , there is a vector  in  such that .
6. The scalar multiple of  by , denoted by , is in .
7. .
8. .
9. .

10. .

 

Examples of Vector Spaces

1. The spaces , where .

 

2. For , the set  of polynomials of degree at most  consists of all polynomials of the form

where the coefficients  and the variable  are real numbers. The degree of  is the highest power of 
 in (1) whose coefficient is not zero. If , the degree of  is zero. If all the coefficients are zero,  

is called the zero polynomial. 

 

 

 

3. Let  be the set of all real-valued functions defined on a set . (Typically,  is the set of real numbers or 
some interval on the real line.) 

 

Bo

Note IR
"

satisfies all the 10 rules above .

We can check Pn satisfies all the 10 rules
.

For example , if qltt-botb.ttb.tt - - - + bntn .
The the sum of pits and

gift is in Bnl rule 1) In fact , Cptg) Its =pHi +fit> = @otbo) -1 Caitb.) tti . . + lantbnt " .
is also a polynomial of degree n .

V satisfies all the 10 properties .

For example : let D= IR , fit )= Zttet , get)= cost . E V
.

And fit> +glt ) .
3fits are also in V.



Example 1. Let  be the first quadrant in the -plane; that is, let 

a. If  and  are in , is  in  ? Why?
b. Find a specific vector  in  and a specific scalar  such that  is not in . (This is enough to show that  is 
not a vector space.)

 

 

 

 

 

 

 

 

Subspaces

Recall in Section 2.8, we talked about the subspaces of . This notion can be generalized to the subspace of a 
vector space.

Definition (Subspace).

A subspace of a vector space  is a subset  of  that has three properties:
a. The zero vector of  is in 
b.  is closed under vector addition. That is, for each  and  in , the sum  is in .
c.  is closed under multiplication by scalars. That is, for each  in  and each scalar , the vector  is in .

 

Example 2. Determine if the given set is a subspace of  for an appropriate value of . Justify your answers.

1. All polynomials of the form , where  is in 

 

 

 

2. All polynomials of degree at most 3, with integers as coefficients.

 

 

 

 

ANS : a.) Yes
. If ñ and I are in V, then their entries are non- negative .

Since the sum of non - negative numbers are non- negative .
the vector it -18 has non- negative entries .

Thus ñ-18 is in V.

b)
. ñ=µ and c= -1

.
Then ñ is in V but cñ= is

not in V .

So V does not satisfy rule 6 in the

definition of vector space .
Thus V is not a vector space .

••

No
.

The zero vector in the space
Pm is the constant 0

.

Notice that the zero vector is not in the given set . so it
is not a subspace .

No
,
since the set is not closed under scalar multiplication .

E.
g. pit> = -1

'
is in the set but 1- pit>= It

'

is not

in the set .



A Subspace Spanned by a Set

Example 3 Given  and  in a vector space , let . Show that  is a subspace of .

 

 

 

 

 

 

 

Theorem 1.

If  are in a vector space , then  is a subspace of .

 

We call Span  the subspace spanned (or generated) by . Given any subspace  of 
, a spanning (or generating) set for  is a set  in  such that .

 

Example 4. Let  be the set of all vectors of the form shown, where , and  represent arbitrary real 
numbers. In each case, either find a set  of vectors that spans  or give an example to show that  is not a 
vector space.

1. 

 

 

 

 

2. 

 

 

 

ANS : We show H satisfies all the three properties in the definition of subspace :

1.) 8 c- H since I = Ori + 08.

2) H is closed under addition .

In fact , let ñ , J EH ,
then v7 = a. it + a. is

and I = bit + b.v5 for some a.
,
a.
,
b
, ,
bz ER

.

Then ñ+J= a.It asistbiñ + b. is = Keita.lv?t(b.-b.)v3
,

which is in H
.

3) . H is closed under scalar multiplication .
Since if c is a scalar,

then cñ = Clarita.ir?--caivTtcaavi . which is still in It .

Since 8 is not in W
,

W is not a vector space ,

I
__•

⇒ 9=-1

# ⇒ b to

→
to

since 8 is not in W
.
W is not a vector

space .

3.

'
a- b

( b- cc-a)b



Let Ñ EW
.

=p:÷|=af:/ + if:/ + if:|
⇐ { , f. ( is a set

spans w .

So W is a vector space by -1hm 1
.



Exercise 5. Let  be the set of all vectors of the form , where  and  are arbitrary. Find vectors  

and  such that . Why does this show that  is a subspace of  ?

 

 

 

 

 

 

 

Exercise 6. Determine if the set  of all matrices of the form  is a subspace of .

 

 

 

 

 

 

Exercise 7.  An  matrix  is said to be symmetric if . Let  be the set of all  symmetric 
matrices. Show that  is a subspace of , the vector space of  matrices.

 

 

 

 

 

ANS: Note

µ+§Y= b to .

So W =

span {vi. I} . where ñ=(Hand E- (F)
.

W is a subspace of IRS by -1hm 1
.

Remark: The set Mmxn of all mxn matrices is a vector space , under
the usual operations of addition of matrices and scalar

multiplication .

ANS : Yes
,

It is a subspace of Mzxz .

Since ① zero matrix is in

H lby setting a=b=c= 01 . ② the sum of two lower triangular
matrices is lower triangular , and ③ the scalar multiplication
of a lower triangular is still lower triangular .

ANS: S is a subspace of Msxz since :

① The zero matrix is in S
.

as the transpose of a zero
matrix is still a zero matrix

② S is closed under addition
.

Since for any A. B
in S

,
then AT __A.and 13-1--13

.

Their sum At B

satisfies (At B)
+
= AT -113T = At B.

⑤ Sis closed under scalar multiplication . Since

if A c- s , then @A)
T
= CAT = CA

,
i.e

. CA ES
.


